Linear partial differential equations of high order with

constant coefficients

A linear differential equation of n* order with constant coefficients of the

form

0"z 0"z 0"z 0"z
e 5+t an Dy +

an—lZ 6n—1Z (9'7_12 b L 1

—F—+b b—
+ 23Xn—33y2 s 1ayn 1
0%z 0%z 0%z 0z 0z

( 0O2 092 0,2 sz = G
a2 T haxa, Tl T gy Ty, 7= 60y

+--+ 4o

where ag, a1,...,an, by, b1,...,bn_1,%0,01,%2, 03,04, F5 are constants.
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Homogeneous linear partial differential equations

Using the standard notation D = a%v D' = % the above equation can be
written as

[a0D” + a1D" 1D’ + a,D"2D" + -+ + 2,D" +

boD"™ ' + byD" 2D + boD"3D” + -+ by D"+

4o+ LoD? + 01DD + 6,D” + 63D + 64D’ + l5]z = G(x, y).

The homogenous equations of order n is of the form

0"z N 0"z N 0"z N N 0"z
aa———=+a -+ a
x| “Loxn=1gy " T 9xn—29y?2 " yn

[0D" + a1D" 1D’ + 2,D"2D" - .- + 2,D""]z = G(x, y).

do —l_:G(Xa.y)
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Complementary functions

To find the complementary functions for the linear homogenous partial
differential equation of order n we consider

[a0D" + 21D" 1D + 2,D" 2D + - + 2,D""]z = 0. (3)

Let us assume that
z = f(y + mx)

be a solution of the above equation. Differentiating partially with respect
to x we get

Dz = mf'(y + mx)
D’z = m*f (y + mx)

D"z = m"f("(y + mx).

P. Sam Johnson Linear partial differential equations of high order with constant coefficients March 5, 2020 24/58



Complementary functions

Similarly differentiating partially with respect to y we get
D"z = f("(y + mx). And the mixed partial derivative is given by

D" 'D"z = m""f()(y + mx).
Substituting these values in (3) we get
[agm" + aam" '+ am™ 4+t an] f(”)(y + mx) = 0.
Since f is arbitrary (" (y 4+ mx) # 0. Hence
agm” + aim" '+ am"? + - +a, =0. (4)

This equation is known as auxiliary equation which is an algebraic
equation of n" degree in m hence by fundamental theorem of algebra it
has n roots.
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Complementary functions

Case (i) : If the roots are distinct (real or complex) say my, mo, ..., my,
then the complementary function is given by

z=Ff(y + mx)+ h(y + mox)+ -+ fo(y + mpx).
Case (ii) : |If the r roots are equal say m; = mp = --- = m,, then the

complementary function is given by

z=fA(y + mx)+ xfa(y + mx) + X2f3(y + mx)+ -+ x"fr(y + mix)
+frp1(y + mepix) + -+ fa(y + mnx).

For r = 2 we have

z = fi(y + mix) + xf(y + mix) + 3(y + mzx) + - - - + fo(y + mnx).
For r = 3 we have

z = f(y + mx) + xb(y + mix) + x2H(y + mix) + fa(y + max) + - + fa(y + mnx).
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Example 16.

Solve (D? — 5DD’ + 6D"*)z = 0.
Solution.

The auxillary equation is m*> —5m+6 =0
(m—2)(m—-3)=0
m=2,3.
z=fi(y + 2x) + f(y + 3x).

Example 17.

Solve (D? — 4DD’ + 4D"")z = 0.
Solution.

The auxillary equation is m?> —4m+4=0
(m—2)2=0
m=2,2.
z = fi(y + 2x) + xfa(y + 2x).

v
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Example 18.

Solve (D3 — 6D2D’ + 11DD"” — 6D’ )z = 0.
Solution.

The auxillary equation is m3 —6m>+11lm—6=0
(m—1)(m—-2)(m—-3)=0
m=1,2,3.
z = fi(y + x) + oy + 2x) + f2(y + 2x).

Example 19.

Solve (D* —16D"*)z = 0.
Solution.

The auxillary equation is m* —16 = 0
(m? — 4)(m? +4) = 0
m = £2, +2j.
z=fi(y +2x) + h(y — 2x) + f(y + 2ix) + fa(y — 2ix).

v
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Examples

Example 20.

Solve (D* — 2D3D' +2DD"” — D"*)z = 0.
Solution.

The auxillary equation is m* —2m® +2m—1=0
(m?*—1)(m—-1)%=0
(m+1)(m—1)°*=0
m=—1,111.
z = fi(y — x) + f(y +x) +xB(y +x) +x*fa(y + x).
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The particular Integral

Let F(D, D)z = G(x, y) be homogeneous of non-homogeneous linear
partial differential equation with constant coefficients. Then the particular
integral (P.1.) is given by

1

Case (i). If G(x,y) = e then the particular integral is given by

P.l. = #em”y _

eax—|—by
F(D, D) F(a, b)

provided F(a, b) # 0.
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The particular Integral

If F(a,b) =0,(D — £D’) or its power will be a factor for F(D, D") = 0. In
this case it can be factorized and proceed as follows:

1 1

P.l.= axtby _ = gaxtby
(D-3D)A(D, D) F(ab)
provided Fi(a, b) # 0.
2
P.l. = 1 pax+by _ 1 x p@x+by
(D_%D/)2F2(D7 D/) F2(a7 b) 2
provided F,(a, b) # 0
1 1 X'
P.I. — aX+b-y e R S— aX+by
(D—2D')F,(D,D)° Fr(a,b)rl©

provided F,(a, b) # 0.
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Example 21.

Solve (D? — 4DD’ + 3D"")z = ?+37.
Solution.

The auxillay equation is m?> —4m+3=0

(m—1)(m—-3)=0

m=1,3.
C.F=Af(y+x)+ fa(y + 3x)
P.l = ! e+
D2 — 4DD’ + 3D"
1 2x+4-3y
22 — 4(2)(3) +3(3)%)
_ 1 e2x+3y
4 — 24 — 27

1
— _e2x—|—3y.
7

1
z="A(y+x)+ h(y +3x) + ?e2x+3y.
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Example 22.

Solve (D? — D’z)z =XV,
Solution.

The auxillary equation is m?>—1=0
(m—1)(m+1)=0
m = =£1.
C.F=fi(y+x)+ fh(y — x).

1
— X—y
P.l. = —D2 — " e
g 1 eX_-y
(b—D)(D+ D)
1
= e
- ()01 D)

zlxex_y.
2

X=Y

1
z:fl(y—l—x)—l—fg(y—x)—I—ExeX_y.
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Example 23.

Solve (D? — 4DD’ + 4D"") = e>+V .
Solution.

The auxillary equation is m?> —4m+4=0
(m—-2)2%=0
m=2,2.
C.F = fi(y + 2x) + xfa(y + 2x).

P.l = - ety
D2 — 4DD’ + 4D"
— ;e2x+y
(D —2D")2
X2 2x+y‘

= —¢€
2
2

z=f(y + 2x) + xfh(y + 2x) + X?ezxﬂ’.
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Example 24.

Solve (D3 — 5D2D' + 8DD"” — 4D"*)z = &2x+V.
Solution.

The auxillary equation is m —5m’>+8m—4=0
(m—1)(m—-2)(m—-2)=0
m=122.
C.F = fi(y + x) + fa(y + 2x) + xf2(y + 2x).

P.l. = ! ety
D3 —5D2D’ + 8DD"” — 4D"®
— 1 2x+y
(D — D')(D — 2D’)?2
2
— X_eZX—i-y‘
2

2
X
z=f(y +x) + f(y + 2x) + xfo(y + 2x) + - o2x+y
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Case (ii)

If G(x,y) = cos(ax + by) or sin(ax + by) then the particular integral is
given by

1 :
P.l. = F(D.D) cos(ax + by) (OR) sin(ax + by)
1

— R.P. or |.P.———_¢l(ax+by)
TUURD DY

then proceed as in the Case (i).
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Example 25.

Solve (D? — DD’ — 2D")z = sin(3x + 4y).
Solution.

The auxiliary equation is m—m—-2=0
(m—2)(m+1)=0
m=2,—1.
C.F = fi(y + 2x) + fa(y — x).
1 :
P.l. = 5 DD — 207 sin(3x + 4y)
= I.P. - e (3 +4)
D2 — DD’ — 2D"
1 .
— I.P. i(3xt-4y)
(31)2 — (31)(4) — 2(41)2°
— I.P. 1 e/(3x+4y)
—94+12+32

1
= I.P.g[cos(3x +4y) + i sin(3x 4 4y)]
L Sin(3x + 4)
= — sin(3x :
35 4

1 .
z="f(y+2x)+ h(y — x)+ = sin(3x + 4y).

v
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Example 26.

Solve (D? — 2DD’ + D’2)z = cos(x — 3y).
Solution.

The auxiliary equation is m?> —2m+1=0

(m—-1)?=0
m=11.
C.F = fi(y + x) + xfa(y + x).
1
P.l = D2 —2DD' & D” cos(x — 3y)
— R.P. 1 e/(x—3y)
D2 — 2DD’ + D’
1 .
= R.P. i(x=3y)
()% — 2())(=3i) + (=302
_ RP—— i)
~1-6-9

1
= R.P.—16[cos(x —3y) + i sin(x — 3y)]

1
= cos(x — 3y).

1
z="fA(y+x)+xh(y +x) — i cos(x — 3y).

v
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Example 27.

Solve (D2 + 4DD’ — 5D"*)z = sin(2x + 3y).
Solution.

The auxiliary equation is m*> +4m —5 =0
(m—1)(m+5) =0
m=1,-5.
C.F = fi(y + x) + f2(y — 5x).

1
P.I = sin(2x + 3
D2 4 4DD’ — 5D" ( )

= I.P - e/(>+3y)

'D2 4 4DD’ — 5D"
= I.P. = e/(2x+3y)
(2)2 + 4(2i)(3i) — 5(3)2

—|.P 1 ei(2x—|—?:.y)

—4 — 24445

1
= I.P.ﬁ[cos(2x + 3y) + i sin(2x + 3y)]
~ sin(2x + 3y)
= — sin(2x :
17 4

1 .
z="f(y+x)+ h(y —5x) + i sin(2x + 3y).

v
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Example 28.

Solve (2D? — 5DD’ + 2D"*)z = 5sin(2x + y).
Solution.

The auxiliary equation is 2m?> —5m+2=0
2m—-1)(m—-2)=0

N|

m =2,

1
C.F. = fy +2x) + faly + 5x).
1

P.I. = T i 0" 5 sin(2x + y)
— |.P. (2D Dl)]'(D 2D/)5€I(2X+y)
1 5X ei(2X+}/)

~ e

= /.P.%’5x[cos(2x +y)+isin(2x + y)]

5
- —F cos(2x + y).

1 5
z="f(y+2x)+ h(y + EX) = cos(2x + y).

v
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Example 29.

Solve (D3 + D2D' — DD”* — D"

)z = e* cos(2y).

Solution.
The auxillary equation is m+m—-—m—-—1=0
m*(m+1)—(m+1)=0
(m?* —1)(m+1)=0
m=1,-1,—1.
C.F=A(y+x)+ fh(y — x)+ xf3(y — x).
1 % 1 X 2
P.l.= - se cos(2y) = R.P - se e
D3 + D2D’ — DD’ — D’ D3 + D2D’ — DD’ — D’
= R.P 1 ex+i2y — ) 1 ex+i2y
(1)3 + (1)2(2i) — (1)(20)2 — (2i)3 1+2i+4+8i
_pp_ Y iy _pp 1 122 gy o 1220 iy
5(1 + 2i) 5(1+2i) 1 — 2i 5(1 + 4)
1—-2i

= R.P. e*[cos(2y) + isin(2y)] = %[cos(2y) + 2sin(2y)].

z=fA(y+x)+ h(y —x)+x B(y — x) + %(cos2y—|—2sin 2y).

v
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Example 30.

Solve (D3 + D2D’ — DD"* — D"*)z = cos(2x + y).
Solution. The complementary function is fi(y — x) + x (y — x) + fz(y + x).

1
P.I = 55— oE — o cos(2x + y)
—R.P. = £i(2xH)
D3 + D2D’ — pD’* — D"
1 .
= R.P. i(2x+y)
(23 + (21)2(7) — () ()2 — ()®
= R.P. ! e/ (2x+y)
—8i—4i+2i+i
_ R.P.—— i)
—9j

= R.P.é[cos(2x +3y) + i sin(2x + y)]
1 .
=5 sin(2x + y).

1
z=fily =x) +x foly =x) + f5(y + x) = g sin(2x +y).
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Example 31.

Solve (D3 + D2D’ — DD"* — D"*)z = cos(x + y).
Solution.
The auxillary equation is m+m—-—m—-1=0
m*(m+1)—(m+1)=0
(m?* —1)(m+1)=0
(m?* —1)(m+1)=0
m=1,—1,—1.
C.F=f(y +x)+ foly —x) +x f(y — x).
1 1 :
P.l = - s cos(x +y)=R.P - e/ (x+y)
D3 + D2D’ — DD’ — D’ (D — D’)(D? +2DD’ + D’?)
1 ; 1 , 1 .
= R.P. x et = R.P. x et = R P~ xe!xty)
((1)? +2(7)(7) + (1)) (-1-2-1) —4
1 1
=R.P. — Zx(cos(x +y)+1i sin(x+y)) = 3 x cos(x + y).
z=MA(y +x)+ h(y — x)+ xf3(y — x) — % x cos(x + y).
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Case(iii).

If G(x,y) = x"y®, then the particular integral is given by
1

Pl=——__x"vs=I[FD.D'1 x"y*

F(D’ D/)X .y [ 9 ] X .y 9

Now expand [F(D, D')]~! as a binomial series and operate on x"y*.

Example 32.

Solve (D?> — 2DD')z = x3y.

Solution. Complementary function is F = fi(y) + f2(y + 2x).
~1

1 5 1 5 1 [1 - 20'} 5

D2 20D ' T oo [1_2gf]xy:ﬁ

P.l =

1 2D’ 4D’2+ ]3 1

- — |1—
D2 D_|_D2

D

r 2 1 4 5
= — x3y—|——x3—|—0} —[xg’y—l———l—O}

5
z=fi(y) + Ry +2x)+ 5 + %5

~4x5 2x5x6 20

v
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Example 33.

Solve (D? +2DD’ + D’z)z = x% + xy — y2.
Solution. The complementary function is fi(y — x) + x f2(y — x).

1
P.I = x? +xy —y?) =
D2—|—2DD’—|—D’2( y =)

1
2
D[+ + 5

] (x> + xy — y?)

— 2 —1

1 2D" D'

_ 2 2

= 72 1+ ) + D2 X“+xy—y

_1[, 20 D" 4D" ) )

DI T D D2 T pr Tty
1] 2 1

1
= E[xz—l—xy—y2 — x? 4 4xy — 3x?]

1
= §[5Xy —y% —3x%]

5 1 1
_ 6X3y_ 5X2y2 _ ZX4
5 1 1
z=MA(y —x)+x h(y — x) + gx?’y — Exzy2 — ZXA'.

.
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Case (iv)

If G(x,y) = et x"yS or cos ax + by x"y® or sinax + by x"y* the
particular integral is given by
P/ 1 (ax+by)  r.,s e(ax—l—by) r.,s
. =———c¢ x'y® = X
F(D, D) Y T FD+aD1b) Y

_ e(ax—l—by)[F(D + a, D'+ b)]—lxrys.

Expand [F(D + a.D’ + b)]~! as a binomial series and operate on x"y?®.

1 1 .
Pl —___ - (ax+by) (r.,s _ Rp___— i(ax+by) r.,s
F(D’D’)COS Xy F(D,D/)e Xy

i(ax+b
e( Y) rs

F(D+ai,D' +bi) ”
= R.P.e@TF(D + ai, D' + bi)] 7 1x"y".

= R.P.

Expand [F(D + ai, D' + bi)]~! as a binomial series and operate on x"y*.



1
- F(D,D)
1 .
| P i(ax+by) r.,s
Fo,0)° 7
ei(ax—l—by)

P.1I. sin(ax + by)x"y® =

r.,s

F(D+ai,D' + bi)" ”
= |.P.eZFTIF(D + ai, D' + bi)] 7 1x"y".

= I.P.

Expand [F(D + ai, D' + bi)]~! as a binomial series and operate on x"y*®.
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Example 34.

Solve g)fz + gfgy — 6% — y COS X.
Solution. The complementary function is fi(y + 2x) + f(y — 3x).

1 eiX
P.l = D2+ DD’ — 6D’2y cosx = R.P. D? 4 DD’ — 6D’2y
B = eiX
- 12D+ D2+ D+ DD — 6D
eiX

P —[1 = {iD’ + 2iD + D2 + DD’ — 6D’2}]y

— _R.P.e*[1 — (iD' + 2iD + D>+ DD’ — 6D" )]ty
= —R.P.e™[1 — (iD' +2iD + D? + DD’ — 6D" )]y

= —R.P.e™[y +iD'(y)] = —R.P.(cos x + isin x)[y + i]

= —y COS X + sin x

z=Ff(y +2x)+ fo(y —3x) — y cosx +sin x.

v
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Example 35.

Solve (D? — DD’ —2D"")z = (y — 1)e*.
Solution. The complementary function is fi(y + 2x) + f2(y — x).

1 X
Pl=Ds o —apr Y T Ve
1 X
= D2 DD — 22 T be
eX
_ 1
D11 D10 207 Y
eX
— 1
1—|—2D—|—D2—D’D—D’—2D’2(y )
eX
= (y—1)

[1+ (2D + D2 — D' — DD’ — 5D")]
— &[L+ (2D +D?— D' — DD’ —5D" )] Y(y — 1)
— eX[1+ (2D + D? — D' — DD' —5D")](y — 1)
=e*[(y —=1)+ D'(y — 1)]
=e[y—-1+1]
= ye*~.
z=fi(y + 2x) + h(y — x) + ye~.

v
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Example 36.

Solve (D? — 5DD’ + 6D"*)z = ysin x.
Solution. The complementary function is fi(y + 2x) + f2(y + 3x).

1 1 .
P.l. = 5y sin x =1.P. ey
D2 — 5DD’ + 6D’ D2 — 5DD’ + 6D’
eix
= I.P.
(D + i)2 — 5(D + i)(D') — 6D” 4
—I.P €

14 2id + D2 —5iD' —5DD’ — 6D’ y

eIX

P i1 (i —2ip - D2 + 50D + 607)]”

— I.P. — e*[1 + (5iD' — 2iD — D> +5DD’ + 6D" )]~ 1y
— I.P. — &*[1 — (5iD' — 2iD — D>+ 5DD’ +6D" )]y

= I.P. — eX[y — 5iD'(y)] = I.P. — (cos x + i sin x)[y — 5i]
= 5cosx — ysin x.

z = fi(y +2x) + f2(y + 3x) + 5cos x — y sin x.
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Exercises

Example 37.

1. Solve (D2 — DD’ — 20D" )z = €Y + sin(4x — y)

2. Solve (D2 + DD' — 6D" )z = x2y + &3tY,

3. Solve (D3 + D2D' — DD” — D”)z = e®*1Y + cos(x + y).

4. Solve (D? —2DD")z = x3y + e%*.

5. Solve (D3 —7DD” — 6D")z = sin(x + 2y) + eV,

6. Solve (D2 +4DD' —5D")z = sin(x — 2y) + 3e®Y.

7. Solve (D? — 6DD’ 4+ 5D )z = e*sinh y + xy. )
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Non-homogeneous linear partial differential equations

Consider the equation of the form
(D—-mD' —a)z=0 (1)

where D = % and D' = %. Then (1) becomes p — mg = az which is a
Lagrange equation. Hence the subsidiary equation is

dx dy dz

By taking the first two ratios, we get
y + mx = cj. (2)

By taking the first and third ratios, we have

dx dz Z
_ = — j —_— p— . 3
1 az eax = ( )
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The complete solution of equation (1) is given by

Z

o f(y + mx) = e™f(y + mx).
Now we consider the general form of non homogeneous equation as
(D —mD —a1)(D—myD —a5)---(D—m,D"—a,)z=0

whose solution is given by

z = e fi(y + mix) + e f(y + max) + - - + e (y + myx).
In the case of repeated-factors

(D—mD' —a)'z=0.

The solution is given by

z=e™f(y + mx) + x eh(y + mx) + -+ x""1e?,
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Example 38.

Solve (D — 2D’ — 3)(D — 3D’ — 2)z = 0.

Solution. The given equation is (D — 2D" — 3)(D — 3D’ —2)z = 0. By
comparing this equation with (D — miD’ — a1)(D — maD’ — a)z = 0.
Here a1 = 3, my = 2 and my = 3.

z = e¥f(y + 2x) + e f(y + 3x).

Example 39.

Solve (D? — DD’ + D' — 1)z = 0.

Solution. The given equation is (D — D"+ 1)(D — 1)z = 0. By comparing
this equation with (D — myD" — a1)(D — myD’ — a5)z = 0 Here
ag=—-1l,a=1,m =1and m =0.

z = ey + x) + €h(y).
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Example 40.

Solve (D? 4+ 2DD' + D" + 3D + 3D’ + 2)z = 3x+5.

Solution. The given equation is (D + D"+ 1)(D + D" + 2)z = 0. By
comparing this equation with (D — m; D’ — a1)(D — myD’ — ay)z = 0.
Here a1 = —1,ap = —2,m; = —1 and my = —1.

C.F=e"fA(y —x)+ e_2xfg(y — X).

1

P.l = xctoy
(D+D +1)(D+D +2)°
_ 1 3x+5y
(3+5+1)(3+5+2)
_ 1 3x+by
= 55¢ :
1
z=e Ay —x)+ e Zh(y — x)+ ®e3x+5y.
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Example 41.

Solve (D? — 2DD’ + D" — 3D + 3D’ + 2)z = (3 + 2~ ¥)2.

Solution. The given equation can be written as

(D—D'—1)(D— D' —2)z = e +4e=% + 4e3e=2%. To find C.F. compare this equation with
(D — m1D’ — al)(D — szl — 32)2 = 0. Here al = 1, ay = 2, m1 = 1 and mo = 1.

C.F = & fi(y + x) + e¥h(y + x).

1
P.| = 6x 4 —4y 4 3x—2y
(D_D —1)(D_D —2)° % T
= 1 e6x + 1 —4y
(D_D' —1)(D— D' —2) (D_D' —1)(D—_D' —2)
1
4 3x—2y
Too-D-DD-D_-2"°¢
1 6 1 4 1 3x—2
= e>X + Qe Y + Qe3X—4Y
(6 —1)(6—2) (=(=4) = 1)(—=(-4) - 2) (4)(3—-(-2)-2)
e6x e—4y e3x—2y
“ 203 "3
o e6x e—4y e3x—2y
z=¢€eh(y+x)+e fg(y—|—x)—|—20 + 2 = + g
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Example 42.

Solve (D? + 2DD’ + D"* — 2D — 2D')z = sin(x + 2y).

Solution. The given equation can be written as (D + D’)(D 4+ D’ — 2)z = sin(x + 2y).
To find C.F. compare this equation with (D — m; D’ — a1)(D — myD’ — ap)z = 0. Here
al] = a,ax = 2,m1 = —]., and my = —1.

C.F. = fi(y — x) + eh(y — x)

1
P.l = sin(x 4+ 2
D2 +2DD’ + D”? — 2D — 2D/ ( y)
— |.P. 1 e (x+2y)
D2 +2DD’ + D" — 2D — 2D’
— |.P. 1 e (x+2y)
i2 4 2(i)(20) + (20)2 — 2(i) — 2(2i)
i(x+2 9
— I.P. 1 elxt2y) — 1 p. _ et 1 3-2i
—1—4—4—2(i) — 2(2i) 3 342(i)3-—2i
_ip cos(x + 2y) + isin(x +2y) 3 — 2j
- 3 9+4

1
= 5(2 cos(x + 2y) — 3sin(x + 2y)).

1
z = fi(yx) + e¥hH(y — x) + 5(2 cos(x + 2y) — 3sin(x + 2y)).

P. Sam Johnson Linear partial differential equations of high order with constant coefficients March 5, 2020 57/58




